Constructive Feedback of Non-Markovianity on Resources in Random Quantum
  States by Gupta, Rivu et al.
Constructive Feedback of Non-Markovianity on Resources in Random Quantum States
Rivu Gupta1, Shashank Gupta2, Shiladitya Mal1, Aditi Sen (De)1
1 Harish-Chandra Research Institute and HBNI, Chhatnag Road, Jhunsi, Allahabad - 211019, India and
2 S. N. Bose National Centre for Basic Sciences, Block JD, Sector III, Salt Lake, Kolkata - 700 106, India
(Dated: May 11, 2020)
We explore the impact of non-Markovian channels on quantum correlations of Haar uniformly
generated random two-qubit input states with different ranks – either one of the qubits (single-
sided) or both the qubits independently (double-sided) are passed through a noisy channel. Un-
der dephasing and depolarizing channels with varying non-Markovian strength, entanglement and
quantum discord of the output states collapse and revive with the increase of noise. We find that in
case of dephasing double-sided channel, quantum discord of random states shows a higher number
of revivals on average than that of the single-sided ones with a fixed non-Markovianity strength,
irrespective of the rank of the states – we call such a counter-intuitive event as a constructive feedback
of non-Markovianity. Such an advantage can also be observed for entanglement in case of depolar-
ising channel. On the other hand, the mean value of critical noise at which quantum correlations
(QCs) first collapse, decreases with the increase of non-Markovianity, independent of the rank of the
random initial states. However, the average noise at which QCs of random states show first revival
decreases with the increase of the strength of non-Markovian noise, thereby indicating the role of
non-Markovian channels on the regenerations of QCs even in presence of a high amount of noise.
Moreover, we observe that the tendency of a state to show regeneration increases with the increase
of average QCs of the random input states along with non-Markovianity.
I. INTRODUCTION
Composite systems in quantum mechanics, described
by a tensor product Hilbert space, can show one of
the striking nonclassical features called entanglement
[1]. In particular, complete information about an en-
tangled pure state can not be determined by the infor-
mation of its subsystems. Employing these quantum
states, various tasks like teleportation [2, 3], dense cod-
ing [4, 5], secure key distribution [6–8], one-way quan-
tum computing [9, 10] have been designed to achieve
higher efficiency than the protocols using unentangled
states. Therefore, in the current era, entangled states
constitute the basis of cutting edge quantum technolo-
gies. On the other hand, it has also been realized that
there are other forms of quantum correlations (QCs)
present in quantum states which can exhibit counter-
intuitive phenomena, completely inexplicable by clas-
sical theory. Motivated by classical information the-
ory [11], quantification of such correlations leads to a
measure called quantum discord (QD) [12–14], inde-
pendent of entanglement and has been identified as
a resource in tasks like deterministic quantum com-
putation with single qubit [15], remote state prepara-
tion [16, 17], distribution of entanglement [18], quan-
tum locking [19], identifying quantum phase transition
in many-body systems [13, 14].
Importantly, realizing all such quantum information
processing tasks in laboratories requires distributing re-
source states over space and time. During this pro-
cess, quantum correlations, in general, get destroyed
due to the interactions with the environment, thereby
creating obstacles in the successful implementation of
these protocols. It was found that under local dephas-
ing noise, entanglement disappears suddenly in a fi-
nite time, known as entanglement sudden death (ESD)
[20] (cf. [21]), while other resources like quantum dis-
cord vanish asymptotically [13, 14, 22–24]. In contrast
to ESD under Markovian noise, the revival of entan-
glement has also been observed under non-Markovian
evolution [25, 26]. Moreover, it was shown that there
exists a certain class of states for which QD remains in-
variant with the increase of noise even when the system
is affected via Markovian or non-Markovian channel–
a phenomenon called freezing of QD [27]. It turns out
to be universal for non-dissipative noise under a certain
class of states [28]. In all the previous works, interesting
features of the dynamics of entanglement or QD under
noisy environments have been studied for a particular
class of initial states [29].
Another interesting avenue of research is to find some
pattern in randomly generated states against the in-
tuition of observing random behaviour [30]. It was
reported that random states can have universal quan-
tum properties like increase of average QCs among ran-
domly generated states with the increase of a number
of parties [31–35]. Moreover, random states appear
naturally in chaotic systems [36] and have also been
employed in disproving a long-standing conjecture in
quantum information science regarding additivity of
minimal output entropy [37].
In the present work, we investigate the effects of local
decoherence on QCs of Haar uniformly simulated two-
qubit initial states with different ranks and our aim is to
check whether the results obtained for a specific class of
states persist even for random states or not. Specifically,
when either one of the qubits or both the qubits of ran-
dom two-qubit states are independently sent through
dephasing and depolarizing non-Markovian channels,
we search for generic traits in QCs in the form of en-
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2tanglement and QD. We find that both the QC mea-
sures show revival after the collapse due to the pres-
ence of non-Marokovianity irrespective of the ranks of
the input quantum states. Interestingly, we find that
mean number of regenerations in case of QD is more
when both the qubits are affected by noisy dephas-
ing channels compared to the case when a single qubit
is sent through it – we call it as constructive effects of
non-Markovianity. Although such a feature is absent
in case of entanglement for output states obtained via
dephasing channel, it can be seen when the depolar-
izing channel is considered – if a single qubit is sent
through a depolarizing channel, no revival is observed
while entanglement resurrects after the collapse for a
certain amount of non-Markovian noise affecting both
the qubits.
We also find that for a fixed non-Markovian noise, av-
erage value of regeneration in case of entanglement de-
creases with the increase of the rank of the states, estab-
lishing pure states as good resource while high-ranked
states perform better for QD. Our analysis of mean re-
generation and mean noise threshold value for the re-
vival of random states reveals that non-Markovianity
induces regenerations of QCs even in presence of a high
amount of noise in dephasing as well as depolarizing
channels. In contrast, we also notice that the noise-
threshold at which entanglement as well as QD initially
collapses also decreases with non-Markovianity which
indicates a competition between the strength of non-
Markovianity and damping parameters in the channels.
This result is in a different spirit than the one which
showed that non-Markovianity leads to more number
of freezing in QD [14, 29].
The paper is organised in the following way. In
Sec. II, we recapitulate the Haar uniform generation
of two-qubit states of different ranks, the characteriza-
tion of quantum correlations and quantum channels. In
Sec. III, we provide motivation and preliminary ob-
servations to proceed further while Sec. IV introduces
the significant quantities required for investigations. In
Secs. V and VI, results for random states with non-
Markovian dephasing and depolarising channels are re-
spectively presented. Finally, we conclude with a sum-
mary of results in Sec. VII.
II. PREREQUISITES: GENERATION OF STATES,
ACTION OF CHANNELS AND QUANTUM
CORRELATION MEASURES
Before presenting the results, in this section we will
first set the stage by briefly describing the process of
generating Haar uniformly two-qubit density matrices
which we employ here to obtain the input states, the ac-
tion of quantum channels on input states, and quantum
correlation measures computed.
1. Generation of Random States
We know that, given a basis, quantum states are
specified by complex coefficients. To generate states
Haar uniformly in state space [30], we randomly sim-
ulate complex numbers from a Gaussian distribution
with mean 0 and standard deviation unity, denoted
G(0, 1). In particular, a two-qubit pure state, |ψ〉 =
∑i,j=0,1(aij + ibij)|i〉 ⊗ |j〉, aij and bij are real numbers
chosen from the specified Gaussian distribution, satis-
fying the normalisation condition, a2ij + b
2
ij = 1. Here
|i〉 ∈ {|0〉, |1〉} form the computational basis of the first
qubit and similarly |j〉 for the second qubit. We can
simulate randomly tripartite pure states in 2 ⊗ 2 ⊗ 2
and 2 ⊗ 2 ⊗ 3 as well as four-qubit pure states to ob-
tain rank-2 (R2), rank-3 (R3) and rank-4 (R4) two-qubit
density matrices respectively. Specifically, the set of real
numbers, {aijk}, {bijk}, {aijkl}, and {bijkl} of |ψ3〉 =
∑i,j,k=0,1(aijk + ibijk)|i, j, k〉, |ψ′3〉 = ∑i,j=0,1 ∑k=0,1,2(aijk +
ibijk)|i, j, k〉 and |ψ4〉 = ∑i,j,k,l=0,1(aijkl + ibijkl)|i, j, k, l〉,
are chosen randomly from G(0, 1) to obtain states of
R2, R3 and R4. Notice that |i〉, |j〉|k〉, |l〉 ∈ {|0〉, |1〉} form
the computational basis of qubits 1, 2, 3 in |ψ3〉, first two
qubits of |ψ′3〉 and all the four qubits of |ψ4〉 while the
third party in |ψ′3〉 belongs to the computational basis
of qutrit, i.e., {|0〉, |1〉, |2〉}. Finally, tracing out a single
or two parties leads to the desired two-qubit density
matrices with different ranks.
A. Non-Markovian quantum channels
Let us consider two paradigmatic noisy channels,
namely dephasing and depolarising channels whose
Kraus operators with the strength of non-Markovianity,
α [38, 39], are respectively given by
KdphI =
√
[1− αp](1− p)I,Kdphz =
√
[1+ α(1− p)]pσz,
KdpI =
√
[1− 3αp](1− p)I,Kdpi =
√
[1+ 3α(1− p)]p
3
σi.
(1)
Here 0 ≤ α ≤ 1, and σi, i = x, y, z are the Pauli matri-
ces. In case of dephasing channel, 0 ≤ p ≤ 0.5 while in
depolarising case, 0 ≤ p ≤ 1. Note that α = 0 repre-
sents the Markovian case [40, 41]. Our aim is to study
the trends of quantum correlations of the output states
when randomly generated input states having differ-
ent ranks are subjected to the non-Markovian dephas-
ing and depolarising channels. Towards this analysis,
we consider following two scenarios:
Situation 1. Noise acts on one of the sites of the
two-qubit state, which we refer to as the single-
sided channel. Let ρ0 be the initial state. After sub-
jecting it to the single-sided channel, the resulting
3state can be represented as
ρ0 → ρ f (p) =∑
i
(Kni ⊗ I)ρ0(Kni ⊗ I)†, (2)
where Kni s are Kraus operators which are either
dephasing or depolarising channel.
Situation 2. When both the parties are sent
through two local channels, we call it as a doubled-
sided channel. The output state in this case reads
as
ρ0 → ρ f (p) =∑
i,j
(Kni ⊗ Knj )ρ0(Kni ⊗ Knj )†. (3)
B. Quantum correlation Measures
We here work with two kinds of quantum correla-
tion measures, namely logarithmic negativity, an entan-
glement measure and quantum discord, a QC measure
which has its origin different from that of entanglement.
Logarithmic Negativity. Based on partial transpo-
sition criteria [42], logarithmic negativity (LN) [43], a
computable entanglement measure, of a given bipartite
state ρAB is defined as
E(ρAB) = log2 ||ρTAAB|| = log2(2N(ρAB) + 1) (4)
where ρTAAB is the state after partial transposition with
respect to subsystem A, ||.|| denotes the trace norm,
while N(ρAB) is called the negativity which is the sum
of absolute value of negative eigenvalues of ρTAAB.
Quantum discord. It quantifies quantum correlation
present in ρAB which is independent from entangle-
ment [12–14] and has originated from the concept of
classical information theory [44]. Classically, mutual in-
formation is defined as
I(X : Y) = H(X) + H(Y)− H(X,Y) = H(X)− H(X|Y)
(5)
where X is the random variable having probability dis-
tribution, {px}, H(X) = −∑x px log2(px) is the Shan-
non entropy and similarly H(Y). H(X,Y) is the Shan-
non entropy of the joint probability distribution of X
and Y and H(X|Y) = H(X,Y)−H(Y) is the conditional
entropy. Switching to the quantum realm, mutual infor-
mation of ρAB reads as
I(ρAB) = S(ρA) + S(ρB)− S(ρAB) (6)
where S(ρ) = −tr(ρ log2 ρ) is the von-Neumann en-
tropy, and ρi, i = A, B are the reduced density matrices
of ρAB. If the second definition of mutual information,
that involving conditional entropy, is recast in terms of
the von-Neumann entropy, we get
J(ρAB) = S(ρA)− S(ρA|B) (7)
which can both be positive as well as negative. There-
fore, the second term in the above equation can be mod-
ified as
S(ρA|B) = min{ΠBk }
∑
k
pkS(ρA|k) (8)
where the minimization is taken over all projective
rank-1 measurements, {ΠBk }, on the subsystem B. The
post-measurement state is ρA|k, which is obtained with
probability pk, both of which, can be expressed as
ρA|k = trB(ΠBk ρABΠ
B
k )/pk, pk = tr(Π
B
k ρABΠ
B
k ). (9)
The difference between quantum mutual information
and J(ρAB) leads to the definition of quantum correla-
tion measure called quantum discord, given by
D(ρAB) = I(ρAB)−max{ΠBk }
J(ρAB), (10)
where the first and the second terms respectively can
be interpreted as total and classical correlations.
III. MOTIVATION: PRELIMINARY OBSERVATIONS
Before moving to the study of quantum correlations
in random states under Markovian and non-Markovian
channels, let us discuss some of the counterintuitive re-
sults known in literature as well as some specific ex-
emplary cases. These results motivate us to look for
generic features in QC of random states under decoher-
ence.
First of all, it was realized in different studies that
entanglement is, in general, fragile in a noisy scenario,
i.e. entanglement decays with the increase of noise.
Moreover, it was demonstrated that for a certain class of
states, entanglement suddenly vanishes at a fixed noise
parameter, referred as sudden death of entanglement
[20]. At the same time, in presence of non-Markovian
and common (Markovian) noise models, it was shown
that entanglement collapses as well as revives with the
increase of noise strength [21, 25, 26]. Let us now prove
that such a revival of entanglement cannot be seen in
case of Markovian dephasing channel when the input
state, ρBDAB , shared between Alice and Bob, is the class of
Bell diagonal states, given by
ρBDAB =
1
4
(I4 + ∑
i=x,y,z
Ciiσi ⊗ σi), (11)
where Cii = tr(ρBDABσi ⊗ σi) are the classical correlators.
It reduces to the singlet when Cxx = −Cyy = 1 and
Czz = 1.
Proposition: When the dephasing Markovian channel
acts on a single qubit or on both the qubits locally of a
two-qubit Bell diagonal state with Cxx = 1, Cyy = −Czz,
the entanglement of the resulting state always vanishes,
4thereby showing no revival of entanglement with noise.
Proof. Suppose first that dephasing noise (Eq. (1) with
α = 0) acts on a single qubit, i.e., at Alice’s side and the
resulting state under the action of dephasing noise is
given by
ρ′AB =

1+Czz
4 0 0 A
0 1−Czz4 B 0
0 B 1−Czz4 0
A 0 0 1+Czz4 ,
 (12)
where A = − 14 (Cxx − Cyy)(−1 + 2p) and B =
− 14 (Cxx + Cyy)(−1 + 2p). The eigenvalues of partially
transposed state ρ
′TA
AB for Cxx = 1 and Cyy = −Czz are
λA1 =
1
2
(1+ (−1+ Czz)p),λA2 = 12 (Czz(−1+ p) + p),
λA3 =
1
2
(1− (1+ Czz)p),λA4 = 12 (Czz + p− Czzp).
(13)
The two-qubit state is entangled only when one of the eigen-
values is negative. Such a possibility occurs in following two
cases:
1. For −1 ≤ Czz < 0, λA4 turns out to be the minimum
among four eigenvalues. λA4 goes to zero from nega-
tive value when p → Czz−1+Czz and beyond this value, all
eigenvalues remain positive. It, therefore, implies that
p has just a single value upto which entanglement is
nonvanishing for any values of Czz, and hence no en-
tanglement is present in the output state after the first
collapse.
2. When 0 < Czz ≤ 1, λA2 can only be negative and it
goes to zero when p → Czz1+Czz which again leads to the
fact that entanglement survives only when p < Czz1+Czz
and the rest of the range of p, the state is unentangled.
Hence, there is no revival of entanglement for ρBDAB with a
single-sided dephasing Markovian channel.
Let us now move to the case when the local dephasing noise
acts on both the sides of the initial state, leading to the result-
ing state
ρ′′AB =

1+Czz
4 0 0 A
′
0 1−Czz4 B
′ 0
0 B′ 1−Czz4 0
A′ 0 0 1+Czz4 ,
 (14)
where X′ = X(1− 2p), X = A, B. The eigenvalues of partially
transposed state, ρ
′′TA
AB , in this case, reads as
λAB1,2 = (1− p)p± Czz
(
1
2
− p+ p2
)
,
λAB3,4 =
1
2
− (1± Czz)p+ (1± Czz)p2. (15)
There are again two situations:
1. For −1 ≤ Czz < 0, λAB1 is the least among
the four eigenvalues. λAB1 goes to zero from
negative value when
{
p→ −1+Czz−
√
1−C2zz
2(−1+Czz)
}
and{
p→ −1+Czz+
√
1−C2zz
2(−1+Czz)
}
with Czz ∈ [−1/2, 0) and Czz ∈
(−1,−1/2] respectively and then remain positive be-
yond these values of p, thereby confirming no revival
of entanglement.
2. When 0 < Czz ≤ 1, λAB2 is minimum. λAB2 goes to
zero when
{
p→ 1+Czz−
√
1−C2zz
2(1+Czz)
}
with Czz ∈ (0, 1/2],
and
{
p→ 1+Czz+
√
1−C2zz
2(1+Czz)
}
with Czz ∈ [1/2, 1). Beyond
these values of p, and for any values of Czz, all the
eigenvalues, {λABi}, i = 1, . . . 4 are nonnegative, imply-
ing no revival of entanglement.
Hence, the proof. 
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FIG. 1. (Color online.) Behavior of QCs of two output
states against noise, p (horizintal axis). The output states
are obtained when two random pure states [45] are sent
through a single-sided dephasing channel. Here we set non-
Markovianity parameter, α = 0.9. Dotted lines represent LN
while soild ones are for QD. Insets show that both LN and QD
do not collapse for these states. The horizontal axis is dimen-
sionless while LN and QD are in ebits and bits respectively.
Remark 1. When (Markovian) dephasing and depolarizing
single- and double-sided channels act on randomly generated
two-qubit states with different ranks, we find that the above
Proposition for entanglement remains valid.
Remark 2. The Proposition does not hold for quantum dis-
cord. In particular, QD of a fraction of random states shows
revival even with Markovian noise.
Remark 3. Interestingly, we observe that LN as well as
QD for randomly generated pure states after sending through
single-sided non-Markovian dephasing channel do not vanish
(upto numerical accuracy 10−6), (see illustration of two ran-
dom pure states in Fig. 1). We will address this issue in details
in succeeding section.
Contrary to the observation in Fig. 1, we note that when
non-Markovian depolarizing channel acts on both the qubits
of low rank randomly simulated states (pure as well as rank-
2 states), LN and QD show two collapses, i.e., they collapse,
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FIG. 2. (Color online.) QCs of the resulting states after
passing through the double-sided depolarising channels vs.
p. Dotted black and gray lines are for LN of rank-1 [46] and
rank-2 states respectively while solid black and gray are for
QD of the initial R1 and R2 states. Here α = 0.9. QCs show
revivals after an initial collapse and again collapse with the
increase of the damping parameter, p. All other specifications
are same as Fig. 1.
revive and further collapse (see Fig. 2). It implies that sev-
eral collapses and revivals can occur under non-Markovian
channesl. We will carefully observe in the succeeding section
whether such exotic behavior of QC can have some connec-
tion with initial amount of QC present in the state and other
characteristic of the state or the channel.
IV. SIGNIFICANT QUANTITIES INTRODUCED FOR
INVESTIGATIONS
As it was known and also seen from the preceding section,
QC of the output state can, in general, show collapse as well as
revival with the variation of noise parameter. Towards find-
ing the universal feature of QCs in the resulting state from
random input states, we define here a few physical quantities
which will help us to perform the analysis.
As shown in Fig. 2, collapse and regeneration of entan-
glement as well as QD can occur more than once with noise,
especially with Non-Markovian channels. Towards establish-
ing a relation between the number of regenerations of QC of
the output state and the content of QC of the input state, we
introduce a quantity which we call normalized regeneration.
Normalized regeneration. For a fixed value of non-
Markovianity, α, and a fixed rank of the input state, nor-
malised regeneration is defined as the ratio between the num-
ber of regenerations shown by a state having a fixed amount
of QC i.e., a ≤ Q ≤ b, with Q being the measure of QC and
the total number of generated states, within that range of Q.
Mathematically,
RNg =
Number of regenerations with inputs inQ ∈ (a, b)
NQ∈(a,b)
,
(16)
where NQ∈(a,b) is the total number of output states obtained
from the input states having Q ∈ (a, b), and Q is either LN or
QD.
Mean Regeneration. Based on the normalized regeneration
and a fixed QC, Q, mean regenerations denoted by RQg for a
given α and for a fixed rank of the input states is defined as
RQg =
∑i RNgi
N , (17)
where RNgi is the normalized regeneration observed for the
input state possessing QC between ai and bi, summation is
over all such quantities in the entire range of Q, i.e., 0 ≤ Q ≤
1, and N is the total number of Haar uniformly generated
state for a given rank. In this paper, we always take bi − ai =
0.1 for all i.
Mean critical noise for collapse. We are interested in the
strength of noise at which quantum correlations vanish for
the first time on average for random states, i.e. mean noise
threshold when the first collapses of Q occur. Such a critical
value of noise can have same connection with the rank of a
state and the strength of non-Makovianity. Towards answer-
ing these questions, for a given QC measure, Q, we define a
quantity called mean critical value of noise for collapse, de-
noted by pQc , as
pQc =
∑i=states pic
Total number of generated states that collapsed
, (18)
where pic denotes the threshold value of noise at which a QC
measure of a given state first collapses and the summation is
over all such generated states for a fixed rank showing col-
lapse for Q. For a given non-Markovianity and for a fixed
rank, pQc determines a universal robustness of Q which the
random states possess against a specific noise. As we have
argued in Sec. III, QCs of pure states never collapse and so
pQc does not exist for randomly generated pure states for all
values of α upto the numerical precision.
Mean critical noise for regeneration. There can be some inher-
ent characteristics of quantum input states as well as quantum
channels which induce QCs of the state to revive after col-
lapse. We are interested to obtain a pattern of first revival or
regeneration of QC among random states. For a given QC, Q,
one can also expect an association of pQc with the first revival.
To seek such a relation, for a fixed Q, we have
pQreg =
∑i=states pireg
Total number of simuated states that show revival
,
(19)
where pireg denotes the inherent noise of the channel, at which
quantum correlation becomes nonvanishing after the first col-
lapse and summation is over all states which show regenera-
tions.
Mean initial QC. Let us finally identify a quantity based on
a QC measure which can answer whether content of quantum
correlations of the initial states has any role on regenerations.
Note that it has a meaningful interpretation if for a fixed rank,
QC of all the states generated shows revival with a fixed non-
Markovianity strength. An average amount of QC of the input
states responsible for regenerations can be defined as follows:
For a given Q, we have
Qin = ∑QC of states showing regenerationN . (20)
Here the summation is over all Haar uniformly generated
states which show regenerations. It has to be computed for a
fixed α and for a fixed rank of random states.
6V. EFFECTS OF NON-MARKOVIAN DEPHASING
CHANNEL ON QUANTUM CORRELATIONS OF
RANDOM STATES
In this section, the non-Markovian dephasing channel acts
on a single qubit or both the qubits of randomly gener-
ated rank-1 to rank-4 two-qubit states. The role of non-
Markovianity on QCs of states having different ranks will be
estimated by using the previously introduced quantities. As
we will show, we can make a general inference about the be-
havior of QCs in presence of non-Markovian noise. Before
stating the results, let us first ask the following question: for
a given rank, what is the frequency distribution of LN and
QD for random states? The pattern of normalised frequency
distribution [47] for LN and QD of randomly generated two-
qubit states with different ranks is depicted in Fig. 3. Note
that these states are used as the input states before the action
of decohering channels.
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FIG. 3. (Color online.) Normalized frequency distribution of random
two-qubit states (vertical axis) against LN (horizontal axis in left) and
QD (x-axis in right). We Haar uniformly generate these states with
different ranks as mentioned in Sec. II 1. These states are used as the
initial states before sending through the noisy channels in succeeding
sections. All the axes are dimensionless.
We see that average QCs in the Haar uniformly simulated
random states decreases with the increase of the rank which
is in a good agreement with the previously known results in
Refs. [31–35]. It was shown that average multipartite QCs in
random pure states increases with the increase of number of
parties, thereby showing that almost all multiqubit pure states
are highly quantum correlated, independent of the choice of
the quantum correlation measure. Monogamy of quantum
correlations [48] along with the results on random multipar-
tite states implies that average QCs in two-qubit random den-
sity matrices should decrease with the increase of the rank
of states, thereby confirming the results in Fig. 3. Note here
that in the calculations reported below, the value of LN as
well as QD less than 10−5 is taken as zero, unless mentioned
otherwise.
A. Constructive outcome of non-Markovian noise on
random states
Let us now analyse the similar and the complementary
patterns that entanglement and quantum discord of random
TABLE I. REg (Dephasing channel)
REg
Rank 1 Rank 2 Rank 3 Rank 4
α double single double single double single double
0.3 0.007 0.266 0 0.031 0 0.003 0
0.5 0.045 0.456 0 0.115 0 0.026 0
0.6 0.09 0.541 0.002 0.191 0 0.052 0
0.7 0.16 0.615 0.009 0.25 0.001 0.093 0
0.9 0.539 0.738 0.058 0.38 0.004 0.189 0.002
states show under decoherence. We start with entanglement
when a fixed amount of non-Markovianty is present in the
channel and the input state are chosen from a fixed rank. The
observation can be divided in two categories, one for single-
and another for double-sided channels. We first address the
issue of regeneration of entanglement, with the increase of
noise and non-Markovianity.
1. Single-sided channel with pure states. When a single qubit
of random pure states passes through a Markovian
channel (i.e., α = 0), LN never vanishes with the in-
crease of p except at the point p = 0.5. With the in-
crease of non-Markovianity, we see that the trend of
LN remians almost same. Specifically, we find that for
all values of α, LN of all states decreases to a minimum
value with increasing p, then starts increasing with p.
Note, however, that the minimum of LN decreases with
the increase of α.
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FIG. 4. (Color online.) Distributions of normalised regener-
ation, RNg , in Eq. (16), (ordinate) with respect to initial QCs
(abscissa). The input states are random rank-2 states which
are sent through the dephasing channels for different non-
Markovian parameters. Upper panels are for LN while lower
panels are for QD. T=Plots in the left and the right columns
are for single- and double-sided channels. Quantities in ordi-
nate is dimensionless while E and D are in ebits and bits.
2. Input states with high rank via single-sided channel. LN
of random states with rank-2, rank-3 and rank-4 show
qualitatively similar behavior. For low values of α,
LN of almost all states does not revive after col-
lapse while entanglement of large fraction of generated
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tively while the left and the right ones are respectively for LN
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states show revival with moderate presence of non-
Markovian noise. Note, however, that the regeneration
of LN also depends on the rank and the entanglement
content of the input states. Specifically, certain value
of non-Markovianity in the channel together with the
entanglement of the initial states leads to the revival of
entanglement as shown in Fig. 4 for rank-2 states. For
example, we observe that in case of rank-2 states, if LN
of the initial state is higher than 0.8, the resulting states
with a moderate value of non-Markovian strength like
0.3 always revive after collapse, thereby showing nor-
malized regenerations to be unity as shown in the up-
per left panel in Fig. 4. This observation also matches
with the pattern of mean regeneration given in Table.
I and Fig. 5. In particular, we find that REg increases
with the increase of α monotonically for a fixed rank of
the input state, implying that percentage of randomly
generated states showing regeneration after collapse in-
creases with the increase of non-Markovianity. For ex-
ample, we find that with α = 0.9, LN of only 18.9%
R4 states can again revive while it is 73.8% and 38%
respectively for R2 and R3 states. These percentages
have to be considered along with the frequency distri-
bution of entanglement for input states with ranks in
Fig. 3, i.e., regenerations of entanglement also depends
on the entanglement content of the initial states. These
results indicate a complex relation of collapse and re-
vival of entanglement with the critical values of non-
Markovianity and noise strength. We will shed light on
these issues when we consider the mean critical noise
for collapse and regeneration as well as mean entangle-
ment content of random states.
3. Action of double-sided dephasing channel on entanglement.
When both the parties are effected by local non-
Markovian noise, collapse followed by a revival of en-
tanglement can be seen in random states with all the
ranks for moderate value of α. In general, normalized
regeneration starts increasing with the increase of non-
Markovian strength although the input state must pos-
sess moderate to high amount of entanglement. If we
TABLE II. RDg (Dephasing channel)
α RDg
Rank 1 Rank 2 Rank 3 Rank 4
double single double single double single double
0.3 1.188 1.114 1.187 1.143 1.243 1.15 1.279
0.5 1.136 1.031 1.202 1.063 1.24 1.092 1.29
0.6 1.142 1.028 1.191 1.066 1.243 1.088 1.288
0.7 1.129 1.033 1.21 1.066 1.241 1.096 1.296
0.9 1.168 1.072 1.196 1.126 1.25 1.143 1.294
fix the rank of states and non-Markovian parameter, we
observe that double-sided channel has detrimental ef-
fects on LN compared to a single-sided channel (com-
paring left and right panels in Fig. 4 ) – we can refer
this as destructive effect of noise on entanglement. Inter-
estingly, we will show that the opposite behavior can be
obtained for QD. Moreover, we find that for a fixed α
and rank of the states, mean regeneration in this case is
also very low compared to a single-sided channel. For a
given α, we notice that pure input states have maximum
REg as depicted in Fig. 5.
Let us now move to the behavior of quantum discord
in above situations and examine whether similar picture re-
ported for LN emerges for QD or not.
1. QD under the action of single-sided channel. In case
of pure random states as inputs, we have already
shown that entanglement of the resulting states in
almost all cases does not collapse for any values of
non-Markovian strength of the dephasing channel.
From the definition of QD, we know that QD is positive
for all entangled states [12] and hence it also does
not vanish. From our numerical simulations, we find
that although the trend of QD is similar to that of
LN, the minimum value attained by it is one order of
magnitude lower than LN.
In case of random states with R2, R3, and R4, we ob-
serve that unlike LN which shows mostly a single re-
vival, QD can vanish and regenerate for multiple times
with the increase of the strength of noise. For moderate
values of non-Markovianity present in the channel, QD
shows at least one revival for all Haar uniformly gener-
ated states irrespective of the content of initial discord
and hence normalised regenerations goes beyond unity
as shown in Fig. 4 for R2 states. Moreover, normalised
and mean regeneration of QD shows an insignificant
change with the variation of non-Markovianity (say,
α ≥ 0.3), for random input states having a fixed rank
(see Table II). Unlike entanglement, for a given α, RDg
increases with the increase of the rank of the states.
2. Discord under double-sided channel. Moderate presence
of non-Markovianity is enough for QD to revive at
least once after collapses for almost all the two-qubit
random initial states having nonvanishing initial QD. If
regenerations of QD is a manifestation of quantumness
present in the system, we report that number of
revivals is higher for the double-sided non-Markovian
channel compared to the single-sided ones – we refer
this fact as constructive effect of non-Markovian noise
(comparing left and right lower panels of Fig. 4 as
well as left and right panels of Fig. 5). Specifically
8TABLE III. pEc (Dephasing channel)
pEc
Rank 1 Rank 2 Rank 3 Rank 4
α double single double single double single double
0.3 0.211 0.273 0.131 0.172 0.081 0.131 0.063
0.5 0.185 0.241 0.114 0.151 0.069 0.117 0.057
0.6 0.173 0.231 0.11 0.139 0.062 0.114 0.05
0.7 0.163 0.22 0.102 0.13 0.062 0.11 0.052
0.9 0.147 0.196 0.088 0.118 0.056 0.094 0.043
it shows that more noisy scenario can enhance the
possibility of revival of QD than the less noisy case.
This is in a sharp contrast of entanglement. We believe
that such an improbable characteristics of QD can be
observed due to the presence of non-Markovianity in
the channels.
Mean regeneration value can reveal three distinct fea-
tures in case of QD which are absent for entanglement
(see Tables I and II and Fig. 5) – (1) higher rank states
have high value of mean regeneration than that of low -
ranked random initial states for a fixed α; (2) RDg shows
insignificant change with the increase of α; (3) double-
sided non-Markovian channel leads to a high value of
mean regeneration than that of the single-sided ones.
1. Robustness of random states under dephasing noise
To estimate whether QCs of random initial states are robust
against noise, we can examine the noise strength that a state
can sustain just after passing through the channel. It leads
to the value of threshold noise, pc of that state. Since we are
dealing with non-Markovian channel, pc should also depend
on the non-Markovianity parameter as well as the strength of
the noise of the channels acted on a single qubit or both the
qubits.
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FIG. 6. (Color online.) Mean critical noise for collapse, pQc
(Q = E, D), (vertical axis) against α (horizontal axis). Other
specifications are same as in Fig. 5.
As observed before, for a single-sided channel, LN as well
as QD of all pure states do not collapse, thereby having no
existence of pc. For a given QC measure, Q, high values of
pQc obtained with random input states imply more robustness
TABLE IV. pDc (Dephasing channel)
α pDc
Rank 1 Rank 2 Rank 3 Rank 4
double single double single double single double
0.3 0.403 0.388 0.405 0.389 0.384 0.387 0.397
0.5 0.372 0.378 0.37 0.364 0.375 0.373 0.36
0.6 0.352 0.359 0.35 0.346 0.356 0.354 0.341
0.7 0.334 0.338 0.33 0.328 0.337 0.334 0.325
0.9 0.301 0.305 0.3 0.297 0.308 0.3 0.294
of Q on average against noise. We find that the pattern of
pEc for LN is qualitatively similar when noise acts on a single
side or both the sides of the randomly generated states – it
posses high value in case of single-sided channel than that of
the double-sided ones as clearly shown in Table III and Fig. 6.
Interestingly, it decreases with α for all random states having
a fixed rank (see Fig. 6). On the other hand, if we fix α, pc for
LN decreases with the rank of the states, thereby indicating
robustness of pure states under decoherence.
The trends of mean critical noise for collapse of QD behave
similarly as in entanglement (see right panel of Fig. 6 and
Table IV). In general, for a fixed value of α and fixed rank, it
shows high amount of robustness against noise than entan-
glement which one can expect from the nature of QD itself.
However, unlike entanglement, there are few occasions where
pc turns out to be higher in case of double-sided channel than
that of the single-sided ones, thereby again confirming con-
structive effects of noise on QD. Comparing pEc with p
D
c for a
fixed α and for a fixed rank, we observe that their difference
is on average of the order of ≈ 0.18 for low rank states while
it becomes ≈ 0.25 for random states with R3 and R4.
2. Mean noise threshold required for quantum correlations to
regenerate by random states
Behavior of mean critical noise required for regeneration
of QCs demonstrates that non-Markovian noise is responsible
for rebirth of QCs to happen. Specifically pEreg decreases with
the increase of non-Markovianity strength, α. When noise
acts on a single qubit, LN revives at most once with the in-
crease of α and the trends of preg reveals that LN becomes
nonvanishing even when the noise strength is very high, like
p ≥ 0.45 and the lowest noise level in which entanglement re-
vival can be seen is when the presence of non-Markovianity in
the channel is high. When both the qubits are effected by local
non-Markovian dephasing channels, LN also shows revival
but the value of pEreg for random states under double-sided
channel is higher than that of the single-sided ones. Both the
results possibly pinpoints that presence of non-Markovianity
in channels induces entanglement to resurrect and we note
that its impact is more on initial pure states than the input
states with high rank.
Similar role of non-Markovianity can also be found from
the behavior of quantum discord which can show more than
one revival after collapse. Like LN, pDreg decreases with α if
one fixes the rank of the states. Moreover, in this case, we
find that unlike pEreg, the difference between p
D
c and p
D
reg is
very low, and maximum difference can be of the order of ≈
0.02− 0.03 (see Tables IV and VI). It implies that QD revives
almost immediately after the first collapse and hence it can be
9TABLE V. pEreg (Dephasing channel)
pEreg
Rank 1 Rank 2 Rank 3 Rank 4
α double single double single double single double
0.3 0.487 0.474 - 0.486 - 0.487 -
0.5 0.479 0.448 - 0.469 - 0.478 -
0.6 0.474 0.436 0.5 0.462 0.5 0.47 -
0.7 0.47 0.42 0.482 0.456 0.485 0.467 0.489
0.9 0.467 0.4 0.48 0.438 0.486 0.451 0.491
TABLE VI. pDreg (Dephasing channel)
α pDreg
Rank 1 Rank 2 Rank 3 Rank 4
double single double single double single double
0.3 0.419 0.399 0.422 0.394 0.417 0.398 0.415
0.5 0.384 0.388 0.382 0.385 0.378 0.383 0.375
0.6 0.363 0.369 0.363 0.366 0.359 0.364 0.356
0.7 0.345 0.348 0.343 0.347 0.341 0.344 0.339
0.9 0.314 0.315 0.313 0.305 0.31 0.31 0.308
safely said that the consequence of non-Markovianity on QD
is more drastic than that of entanglement.
Role of QCs in regenerations. Apart from non-Markovianity
in channels, QCs possessed by input states also play a role
in rebirth of QCs. Entire analysis suggests that there exists
a threshold value of entanglement beyond which a state has
a high possibility to revive if the channel also posses a mod-
erate amount of non-Markovianity that varies with the rank.
Specifically, average entanglement required to show regener-
ation decreases with the increase in non-Markovianity. On
the other hand, a certain amount of non-Markovianity in the
channels ensures almost always QD to revive and hence the
average initial QD required for regeneration in random states
is almost constant with the variation of the rank of the ini-
tial states in case of non-Markovian dephasing channel. Such
an observation for entanglement and QD is true for both the
non-Markovian channels.
VI. RANDOM STATES PASSED THROUGH
DEPOLARISING CHANNEL
Let us move to a scenario where a single qubit or both
the qubits of the input states with different ranks are sent
through depolarizing non-Markovian channels having differ-
ent strengths of non-Markovianity. We will show that al-
though non-Markovian effect on QCs obtained for dephasing
and depolarising channels are of similar kind, certain differ-
ences in the behaviour of QCs are also present.
1. Single vs. double sided non-Markovian channels
We first describe how non-Markovianity activates rebirth of
entanglement in presence of high amount of noise and then
we move to quantum discord in a similar situation.
1. Entanglement under depolarizing non-Markovian channel.
Let us first consider the scenario when noise only
acts on a single side. Interestingly, we find that LN
of the resulting states from random input states does
not show any revival after collapse for any rank
and for any non-Markovian strength of the channel.
As we discussed before, although the presence of
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FIG. 7. (Color online. ) Plot of frequency distribution of nor-
malised regeneration, RNg , against initial LN (left) and QD
(right). Both the qubits of random rank-2 states are sent
through the depolarising non-Markovian channel with differ-
ent non-Markovian parameters, α. Other specifications are
same as in Fig. 4.
TABLE VII. REg (Depolarising channel)
REg
Rank 1 Rank 2 Rank 3 Rank 4
α double double double double
0.3 0 0 0 0
0.7 0 0 0 0
0.8 0.129 0.001 0 0
0.9 0.576 0.122 0.017 0.002
1 0.843 0.278 0.201 0.08
non-Markovianity causes entanglement to revive, in
this scenario, strength of non-Markovianity is possibly
not enough to overcome the power of noise, thereby
showing destructive effects of depolarizing channel on
entanglement.
On the contrary, when both the qubits are passed
through a local depolarizing channel, entanglement res-
urrects for high value of α, say 0.8 and above, as de-
picted in left panel of Fig. 7 for random rank-2 input
states. As we have seen for QD with dephasing chan-
nel, we here also report a constructive effect of noise on
entanglement – more noise on the state shows possibil-
ity of revival while less noisy states do not. It possibly
shows that there is a competition between the damp-
ing parameter p that, in general, destroys QCs and the
non-Markovianity strength, α, that tends to shield QCs
from noise. Hence when non-Markovian effect exceeds
the damping effect, QCs, either in the form of entan-
TABLE VIII. RDg (Depolarising channel)
α RDg
Rank 1 Rank 2 Rank 3 Rank 4
single double single double single double single double
0.3 2.093 2.777 5.134 2.751 5.491 2.864 5.775 3.033
0.5 1.704 2.028 4.283 2.309 4.816 2.475 5.211 2.665
0.6 1.511 1.64 3.748 1.99 4.361 2.27 4.847 2.452
0.7 1.409 1.663 3.293 1.888 3.928 2.066 4.468 2.285
0.9 1.228 1.358 2.563 1.579 3.062 1.739 3.512 1.894
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TABLE IX. pEc (Depolarising channel)
pEc
Rank 1 Rank 2 Rank 3 Rank 4
α single double single double single double single double
0 0.49 0.225 0.308 0.153 0.193 0.099 0.119 0.061
0.2 0.36 0.148 0.207 0.1 0.152 0.063 0.079 0.038
0.3 0.3 0.126 0.175 0.083 0.11 0.053 0.066 0.031
0.5 0.23 0.093 0.129 0.062 0.083 0.037 0.051 0.023
0.6 0.2 0.083 0.115 0.053 0.073 0.034 0.044 0.02
0.7 0.18 0.073 0.103 0.047 0.064 0.03 0.039 0.018
0.9 0.15 0.068 0.084 0.057 0.053 0.028 0.033 0.015
TABLE X. pDc (Depolarising channel)
α pDcrit
Rank 1 Rank 2 Rank 3 Rank 4
single double single double single double single double
0.3 0.52 0.502 0.408 0.486 0.381 0.473 0.359 0.46
0.5 0.412 0.402 0.338 0.392 0.319 0.386 0.303 0.377
0.6 0.372 0.363 0.31 0.358 0.294 0.359 0.279 0.346
0.7 0.339 0.331 0.287 0.326 0.271 0.319 0.256 0.312
0.9 0.284 0.279 0.248 0.275 0.237 0.271 0.226 0.266
glement or QD, revives. We also notice that to show
revival, random initial states also should posses high
amount of entanglement on average. We find that REg
shows similar trend like dephasing channel, i.e. it in-
creases with the non-Markovianity for a given rank of
random states, thereby confirming importance of non-
markovianity for revival of entanglement.
2. QD under depolarising channel. Like dephasing chan-
nel, after passing through a noisy channel (either a sin-
gle qubit or both the qubits) having moderate value of
non-Markovianity, QD of the output states always re-
vives with the increase of p irrespective of the rank
of the initial states, and the amount of QD in the ini-
tial state. Unlike dephasing channel, for a fixed non-
Markovianity, the number of regenerations seen for de-
polarizing channel is much higher than that of the de-
phasing one (see right pank of Fig. 7 for random rank-2
states). For single- as well as double-sided cases, RDg
shows nonmonotonic behavior with non-Markovianity
for all the ranks of the random states.
3. Mean critical noise for collapse. As defined in Sec. IV,
higher value of mean critical noise for collapse indi-
cates states to be more robust against noise. Like de-
phasing channel, the trends of pEc is the same for both
single - and double-sided channels i.e. pEc for LN de-
creases with increasing α for all random states having
different ranks. However, for a fixed rank and fixed
non-Markovian strength, pEc obtained for LN is always
greater when a single qubit of the state is noisy than
the case for double-sided channel, while it decreases
with rank for a given value of α. As depicted in Fig.
8, random pure states whose single qubit is affected by
noise have a special status – they are maximally robust
against noise – in worst case, the difference of pEc with
other rank states is of the order of ≈ 0.07 among all
other randomly simulated states with different ranks,
irrespective of the strength of non-Markovianity.
The behavior of pDc is exactly similar to that of entan-
glement. In particular, for random states with a fixed
rank, it decreases with the increase of α (see Fig. 8).
TABLE XI. pEreg (Depolarising channel)
pEreg
Rank 1 Rank 2 Rank 3 Rank 4
α double double double double
0.8 0.651 0 0 0
0.85 061 0.64 0.66 0
0.9 0.571 0.605 0.638 0.63
0.95 0.537 0.587 0.607 0.609
1 0.507 0.556 0.578 0.597
TABLE XII. pDreg (Depolarising channel)
α pDreg
Rank 1 Rank 2 Rank 3 Rank 4
single double single double single double single double
0.3 0.536 0.523 0.435 0.504 0.408 0.492 0.386 0.479
0.5 0.427 0.42 0.363 0.409 0.344 0.403 0.328 0.395
0.6 0.386 0.381 0.334 0.373 0.317 0.359 0.303 0.357
0.7 0.353 0.348 0.31 0.341 0.293 0.334 0.281 0.327
0.9 0.298 0.296 0.269 0.289 0.258 0.285 0.247 0.28
Clearly, it supports the fact that non-Markovianity can
induce regeneration or nonmonotonicity in QC but can
decrease sustainability of initial QCs. Note however,
that for higher rank states, we find that pEc can some-
times be higher for input states with R2, R3 and R4,
sent through double-sided channels than the situation
with a single-sided ones as also reported for dephasing
channels.
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FIG. 8. (Color online.) Upper Panel: Mean critical noise for
collapse, pQc , vs. α for depolarizing channel. Lower panel:
Behavior of pQreg with α. Other specifications are same as in
Fig. 5.
4. Mean critical noise for revival. In case of entanglement,
since there is no regeneration when a single qubit is
sent via noisy channel, there does not exist any non-
trivial value of mean critical noise for revival. If both
the qubits are passed through the channel, there is re-
generation for higher values of non-Markovianity, and
pEreg decreases with non-Markovianity. On the other
hand, the behaviour of pDreg is identical with the de-
phasing channel (see Fig. 8).
Activation of rebirth of QCs. Let us check how non-
Markovianity can activate rebirth of QCs after the first
collapse. To estimate this, we consider the difference
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between pQc and pQreg for a fixed rank of the input state
and for a fixed α, i.e we evaluate δQrb = p
Q
reg − pQc by
comparing Tables III, V, IX and XI for LN and Tables
IV, VI, X and XII) for QD.
• In case of a single-sided dephasing channel,
0.192 . δErb . 0.362, while for the double-sided
case, it lies between 0.269 and 0.45. On the other
hand, for depolarising double-sided channel, it
lies between 0.5 and 0.636. The high gap between
collapse and revival again establishes that resur-
rection of entanglement after collapse is possibly
difficult even in presence of non-Markovianity.
• In case of QD, for a single- and double- sided
dephasing channels, we respectively get 0.004 .
δDrb . 0.021 and 0.002 . δDrb . 0.033. For a
double-sided depolarizing channel, the maximum
is 0.02 and the minimum is 0.0005 while 0.013 .
δDrb . 0.027 for a single-sided depolarising one.
The small gap shown by QD illustrates that non-
Markovianity possibly helps QD to overcome the
barrier of noise in the channel more strongly com-
pared to entanglement.
VII. CONCLUSION
The distribution of a certain property seen in random quan-
tum states can, in general, be different than the one observed
for a specific class of states although these random states can
also possess an underlying generic characteristic. In this pa-
per, we searched for universal feedback of non-Markovian
noise on quantum correlations (QC) of random two-qubit
states. In particular, a single qubit (single-sided) or both the
qubits (double-sided) of Haar uniformly simulated states with
different ranks are subjected to two different non-Markovian
channels, dephasing and depoarizing channels with varying
non-Markovian strength. And we choose logarithmic neg-
ativity and quantum discord as QC measures for investiga-
tions. We found that broad common features regarding the
reaction of noise and non-Markovianity on QCs of random
states emerge although there are some differences in the ob-
servations of two different channels as well as in single- and
double-sided channels. To capture these aspects, we intro-
duced certain quantities which can help us to visualize the
response to noise and non-Markovianity of QCs of random
states.
In the case of dephasing channel, we observed that if a
single qubit is affected by noise, entanglement is, in general,
reviving more number of times than the situation when both
the qubits are subjected to noisy channels. Although such a
situation for entanglement can not be altered with the help
of non-Markovianity, QD of the resulting states obtained af-
ter passing through the double-sided channel can show more
revival on average after collapse compared to the action of
single-sided dephasing channels. In a similar spirit, when
both the qubits are sent through depolarizing channels, en-
tanglement regenerates after collapses while no revival is ob-
served for a single-sided case. In both situations, we ob-
serve that more noisy scenario leads to more revival of QCs
– this is possibly due to the presence of non-Markovianity
in the channels, which we call as constructive feedback of
non-Markovian noise. Moreover, we noticed that depolariz-
ing channel leads to more revival of quantum discord than
that of the dephasing ones, both in single - and double-sided
channels. It does not hold for entanglement – especially, for
a single-sided depolarizing channel, entanglement of random
states does not become nonvanishing after collapse.
On the other hand, we found that both for entanglement
and quantum discord, the average value of threshold noise
at which QCs of the output states collapse for the first time
decreases with the increase of non-Markovian parameter of
the channels. This observation is independent of the chan-
nels considered and the rank of the random input states. We
noticed that similar picture emerges also for the mean criti-
cal noise strength at which QCs revive after the first collapse.
It implies that although non-Markovianity does not give any
advantage to preserve QCs initially, it surely induces the first
regeneration of QCs, on average. Moreover, we reported that
a certain amount of average initial QCs in random states along
with a moderate values of non-Markovian noise is responsi-
ble for regenerations of quantum correlations. We believe that
our investigations shed light on how the resources are affected
due to the competition between damping parameter and non-
Markovianity in the noisy channels.
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